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Abstract-Granular material. pcn:eivcd as a collection of particles. is modelled as a micropolar
Cllntinuum taking account of the discreteness and microstructure of the material. The new feature
of the proposed model is that the constitutive coefficients are derived in explicit terms of grain
cont'lct pwpcrties. In addition. the constitutive law. the equilibrium equations and the compatibility
equatl\lns for granular m'lterial are derived to completely define a boundary value problem. Using
the derived constitutive law .lnd lield equations. a procedure based on tinite element analysis is
described to obtain appro'lmated solutions for boundary value problems. An example is shown for
a gr'lnular packing under boundary pressure. Solutions of the e~ample are compared with that
llbt'lined fwm the discrete e1cment mctlwd tu show the applicability of this method. B<lsed un this
nH1del. the clfcets Ill' particle [(It<ltion and couple stress on the deform<ltion behavior of granular
material <Ire alsll studied.

I. INTRODUCTION

The mechanics of materials with rotations of the microbody is an old subject which can be
dated back to Voigt (IHl{7) and Cosserat and Cosscrat (1968). More recently. considerable
~tttention has been paid to the development of micropolar theories. for example. by Green
(1965). Eringen (llJ6H). Mindlin (1965). Nowacki (llJ86). Toupin (1964). etc. The theory
or micropolar medium has been used to investigate the mechanic~tl response of material in
many areas such as the stress wncentration around holes (Mindlin. 1962; Sternberg.
I96H). the dynamics of composite materials (Herrmann and Achenbach. 1967) and wave
propagation in half space (Ariman. 1972).

Although no experimental evidence has been found to reveal that the elfect of micro­
rotation is significant in metal. the theory docs yield interesting phenomena and it has
been suggested by several ~tuthors that the micropolar theory may be more applicable to
granular material (Toupin. 1964; Eringen. 1968; Nowacki. 1986). In connection with the
application of micropolar theory to the moddling of granular media. the micropolar theory
has been found to be useful in the study of shear band thickness in bifurcation problem of
granular material (Muhlhaus. 1981J; Muhlhaus and Vardoulakis. 1987; Besdo. 1985).

However. in the above-mentioned studies. no consideration is given to account for the
microscopic properties in the description of the constitutive behavior of the material. In
vi~w of the discrete nature of granul~lr media. the primary mechanism of deformation and
load carrying is the interactions at contacts between particles. Therefore it is desirable to
have a theory that includes the micro measures. It is in need of. in the mathematical analysis.
a transformation process through which the discrete system can be conceptually viewed as
an equivalent continuum system.

This point of view has been paid very little attention in the study of material with
microbody rotation. Work by Kanatani (1979) has been devoted to a continuum rep­
resentation for granular flow where granular material is considered to be essentially liquid
material. For the continuum representation of granular solids under a static equilibrium
condition. efforts have been made to include the effect of particle interactions and grain
contact properties (Chang and Liao. 1990).

In this paper. a model extended from the previous work (Chang. 1987; Chang and
Liao. 1990) is proposed to represent the discrete granular material as equivalent continua.
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In this model. we treat particle translation and particle rotation as two independent con­
tinuum fields based on the approach used in previous analyses. This leads to a generalized
strain measure for the granular material that consists of both the deformation strain
resulting from particle translations and the polar strain resulting from particle rotations.
Corresponding to the strain measure. the stress measure consists of both Cauchy stress and
polar stress.

Different from previous work (Chang and Liao. 1990), this current model defines stress
and strain in reference to a particle point rather than an element comprising a large number
of particles. The advantage of defining stress and strain at a particle point is that. for the
small region containing this particle and its surrounding particles. the displacement and
rotation fields can reasonably be assumed affine (i.e. homogeneous). This assumption avoids
the use of compkx higher-order kinematic fields such as that used in the previous model.

Another advantage is that. by defining stress and strain at a particle point. equilibrium
equations can be expressed in a simple ditferential form instead of a complicated integral
form corresponding to the higher-order kinematic field used in the previous study. The
simpler form enables one to derive the constitutive law and tield equations with explicit
expressions of microscopic properties. Thus a boundary value problem for granular material
is completely defined.

Using the derived constitutive law and Held equations. a procedure based on finite
clement analysis is used to solve boundary value problems. An example is shown for a
granular packing under boundary pressures. Results of the example arc compared with that
obtained from the discrete element method to show the applicability of this method. A
discussion is given on the deformation behavior in relation to particle rotation and couple
stress.

The model in this paper. for simplicity. is limited to the conditions ofelastic intcractions
bctwecn particles. No scparation. sliding and rearrangcment between particles are allowed.
The model. although under idealized clastic conditions. demonstrates that the constitutivc
paramcters can be rationally derived based on microscopic properties. It also shows that
particle rotation and couple stress play significant roles in the overall deformation behavior
of granular material.

2. ("O:-.lTINUUM MODELING OF DISCRETE GRANULAR MATERIAL

2.1. Mec!wlliCl' 0/ illteractiolls herll'ccII parricles
For materials such as soil and ceramic at ordinary temperatures. granules are relatively

rigid and the deformation of granules occurs mostly at contacts. Therefore we envisage a
simple conceptual model in which the constituent particles are treated as rigid bodies. The
particle motion consists of a translation and a rotation about the particle center. The pair
of particles in contact are viewed to be connected at contact points by imaginary springs.
In general. these springs are e1asto-plastic: the elastic portion of the spring deformation
represents a particle distortion while the plastic portion of the spring deformation represents
a yielding at contacts between the particles. [n this paper. for simplicity. only the clastic
springs arc considered.

To represcnt the contact resistance. two types of springs are used. namely the rotation
springs and the stretch springs. The rotation springs. transmitting contact moments. rep­
resent the contact resistance to the relative rotation of two particles. The stretch springs.
transmitting contact forces. represent the contact resistance to the relativc translation of
two particles.

The local kinematics of two particles in contact is schematically shown in Fig. I. When
the assembly deforms. particles undergo translations and rotations which result in the
straining of springs ;It contacts. For example. as shown in Fig. I. the translation and
rotation arc denoted as II, and (I), for a particle which is in contact with several particles.
The movements of particle c in contact with this particle are denoted by II~ and (IJ~. The
angular straining. rf,. of the rotation spring at contact point C is caused by the relative
rotation of the two contact particlcs.
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Fig. I. Schematic illustration of particle interaction.

If, = (I)~ - (I), •
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(I)

The straining of the stretch springs.l';~·. is caused by the n:lative displacement at the cont,tct
point c of the two particles. expressed as:

(2)

where r. and r~. as shown in Fig. I. arc the vectors joining respectively the centroid of the
refen:l1l.:e particle and the centroid of the neighbor particle to the contact point. The quantity
:=:". is the permutation symbol used in the tensor representation for the cross product of
vectors.

The behavior of the springs at the contact point connecting two particles can be
described by the relationships between the contact rotation. dO'i. and the contact moment.
dl1l~, i.e.

(3)

and between the contact deformation. dJ~. and the contact force. dn. i.e.

(4)

where g~, is the stiffness tensor of the rotation spring. and k~: is the stiffness tensor of the
stretch spring.

Let g~. g~ and g~ be the rotational stiffness constants in the directions of the local
coordinates n. s and I. respectively. The local coordinate system is constructed for each
contact with three orthogonal base unit vectors; the vector n is normal to. and the vectors
sand t are tangential to. the contact area. Thus

(5)

Similarly. k~, can be given by
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(6)

whe:re k~. k~ and k~ are the: spring constants in the directions of local coordinate syste:m n.
sand t. respectively.

Equations (3) and H) can be combined into a compact form as follows:

d[F;} = [K~,ld[D~: (7)

where {D~: is the generalized contact-displacement vector.: F;: is the generalized contact­
force vector and [K~,l is the generalized stiffness te:nsor. defined in the following:

f p: I. = {f~}.
l I J l:.'11, [

k Cl '
'I

[K~,l = 0 ~,.J.
q"

(8)

2.2. Genaali=ed strain tensor in (I granular solid
Let the centroid of a particle be denoted as a particle point. A granular material can

thus be represented by a set of discrete particle points and the translations and rotations
arc discrete variables. However. when we deal with a small volumc consisting of a largc
numbcr of particlcs. thcse particlc points can be conceptually viewcd as continuous in
the macroscopic scale. Thus thc displaccments and rotations can bc rcprcscntcd by two
independcnt continuum fields. In thcse continuum fields. at thc neighborhood of a particle
point. we assumc thc usual "aflinc" (or homogcncous) dcformation. The displaccment II~

and rotation (r)~ at thc adjaccnt particlc point C (as in Fig. I) can bc cxprcssed as:

II~ = II, + 1I",1~ (l) )

( I())

whcre I" is the branch vector joining thc particle point and its adjaccnt particlc point C.
<tnd 11,./ and w,., arc the derivatives of the displacement and the rotation. respectively.

Substituting eqns (9) and (10) into cqns (I) and (2). the relative <tngular rotation. If,.
and the deformation of the stretch-springs. ()~. can be expressed by the derivative quantities
W,., and 11,./. given by

if, = w,.J~ (II)

( 12)

Observing the expressions of eqns (II) and (12) we introduce. similar to the form used
in theory of micropolar medium. the asymmetric deformation strain f:" and the polar strain
,'" at the particle point

( 13)

(14)

The symmetrical part of f./i is equal to the symmetrical part of the displacement gradicnt.
i.e.

( 15)

representing the stretch strain. The skew-symmetric part of /:" is given by
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( 16)

where the skew-symmetric part of the displacement gradient U[j.1] = !(U,.I - u,.,) representing
the rigid body rotation. The angular rotation "''" corresponding to the rigid body rotation
is

( 17)

Thus the skew-symmetric part of Ell becomes

( 18)

which represents the net particle spin (i.e. the difference between the particle rotation and
the rigid body rotation of the material).

Combining tensor and matrix notation. the above equations can be written in a
compact form as follows:

where

( 19)

rE' {fo"}t ~/I( = '" .
( "

(20)

where C'I = ci/cJx, and () 'I is the Kronecker delta. {E,,} represents the generalized strain
tensor. {Uk} is the generalized displacement vector and [V,'k) is the gradient operator. The
summation convention of indices is followed in accordance with the tensor notation.

We further express the relative movement of a pair of contact particles [eqns (II).
(12») in terms of the generalized strain tensor {E,,} as follows:

(21 )

where {L~}. the same as that in eqn (8). is the generalized relative movement vector at the
contact. and [L~,d is the fabric operator. given by

{e5
C

}{Dn = (~ , (22)

2.3. Stre.\'.I'c!.\' in a granular a.l'.I'emhly

Corresponding to the strain tensor defined in eqn (19). the stress tensor in the granular
assembly can be defined by using the principle ofenergy equivalence. in a granular assembly.
the energy at a contact c of two particles due to an increment of load can be expressed as:

dWC = {P,'}' d{Dn. (23)

Assuming the energy at this contact is equally shared by the two contact particles. the
total energy shared by particle "a" is the energy summed over all contacts with its sur­
rounding particles. given by

dW· = ~LdWc.
C

(24)

The energy thus defined is discrete quantities for each particle. In a continuum system.
it is desirable to define the energy as a quantity. in the units of energy per volume.
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continuously distributed in the material. Let va be the volume associated with particle "a"
which includes the volume of the solid particle r J

, and its associated voids. It is convenient
to express the particle volume va in terms of the porosity n of the assembly by

va = r J In (25)

where the porosity n is the ratio of the total volume of the assembly to the total volume of
solid particles within the assembly, given by

(26)

This satisfies the requirement that the total volume of the assembly is the sum of all particle
volumes, i.e.

We assume the energy for particle "a", d Wa
, is equally distributed in the volume

associated with the particle, va. Thus the energy per volume d U;' in the volume associated
with particle "a" is given by

_ dWa I
dW= = IdW'.va 2va , (27)

For small strain condition, by substituting egn (21) into (23), d W' can be expressed
in terms of strain d [Elk 1as follows:

(28)

For a micropolar medium, the energy per volume can also be expressed in terms of
stress and strain, i.e.

(29)

where {SId is the generalized stress tensor, given by

(30)

in which (1l k is the Cauchy stress tensor and II,k the polar stress tensor referred to a particle
point.

Comparing eqns (28) and (29). one can define the generalized stress tensor of the
granular medium in terms ofgeneralized forces vector and fabric tensor operator; it follows
that

(3\ )

Equation (31) can be expanded into two equations corresponding to Cauchy stress and
couple stress as
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(32)

(33)

The derived Cauchy stress in eqn (32), in terms of contact forces. has a form similar
to that proposed by Christoffersen et al. (1981). Equation (33) defines couple stress in terms
of contact forces. contact couples and microstructural measures I~ and r~. Equation (33)
reveals that the couple stress may be transmitted across a grain contact solely by contact
forces. Therefore the couple stress. contrary to common preconception, can exist in a
packing of particles in the absence of force couples on the contacts. such as in a packing
of rigid smooth spheres which have no rotational resistance at contacts.

2.4. Constitutit'e law ofgranular medium
According to eqn (31). the incremental form of the stress tensor can be written as

follows:

(34)

Substituting eqns (7) and (21) into (34). the constitutive law in an illl;n;mental form can be
established to describe the relationships between stress and strain. given by

d ,rS \ - [I IdrE' I,
I 1/1 - "',/k' I UI

where [A,lul is the constitutive coeflicient tensor. given by

Expressed in detailed form. eqn (35) becomes

where a,/kl. h,/kl and c,/u are the constitutive codlicients of eqn (36), given by

(35)

(36)

(37)

(38)

(39)

(40)

Observing from eqns (38) and (40). it is noted that a,/kl and e//k/ have the following properties:

(41 )

The constitutive coefficients are functions of the microstructure at a particle point.
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According to eqn (39). it can be seen that b'!kl = 0 when the microstructure is center­
symmetric. Under a center-symmetric condition. the constitutive equations are decoupled
as follows:

(42)

(43)

When the couple stress tensor JI." and the polar strain "k! are neglected. the constitutive
equation reduces to the usual form for a non-polar medium.

Based on eqn (40). the coefficients e"k! are contributed to by two sources: K",nr"r~

related to stretch springs and GJI related to rotation springs. The former is a function of
particle size. Therefore. for packings with small size particles. the contribution of the stretch
springs to the coefficient (',,'1 is relatively insignificant compared to that of the rotational
springs.

2.5. Equilihriuttl equations
In this section. the governing equations are derived for a granular assembly in static

equilibrium subjected to an external traction (f.) on the boundary surface of the assembly.
Based on the principle of virtual work. the work done by the external traction is equal to
the work done by the internal stresses. Therefore. one can write

(44)

Replacing the term (5 (£,,} on the left-hand side of egn (44) by the gradients ()([V'"d (V .... })
and using the Gauss theorem. it follows that

(45)

Equation (45) is arranged into the following expression:

Since the choice of 0: V,} and the choice of V and S in eqn (46) are arbitrary. the
following equation must hold:

(47)

Equation (47) can be expanded into two equilibrium equ'ltions. given by

(48)

(49)

For the same reason. in eqn (46). the choice of (5( V,} and the choice of Vand S are
arbitrary. On the boundary surface. it must satisfy the following two bound.try conditions:

(50)

The general displacement vector {V,} consists of six variables. However. the functions
(Eli} in eqn (19) represent 18 differential equations. The functions (EI ;} therefore cannot
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be arbitrary and must be subject to certain restrictions which are called conditions of
geometric compatibility. The conditions of geometric compatibility for {E'/] are derived to
be

'= ru lfE 1. - '= [V l[V l'l.- 1. - 0-mlll'i,k ( Ikl - -m,1 }lk Ikn ( 'J - .

The above equation can also be expressed as follows:

(51)

(52)

3. SOLUTION BY MICROSTRUCTURAL FINITE ELEMENT METHOD

We next describe a method of solution for boundary value problems of granular
material based on the continuum model discussed in the previous section. The method of
solution. although utilizing similar techniques. is different from the conventional finite
element method. The distinct difference is in the derivation of the stiffness matrix by
considering the microstructural properties of the material. The method of solution. here­
inafter. is referred to as the microstructural finite element method (MFEM).

In this method. each clement consists of several nodal points which may be located on
either the boundary or within the domain. Let {Vn be the generalized displacement vector
of the nodal point "p". The displacement/rotation at any point (XI'X~.X,) in the clement
can be expressed by an interpolation function <(>I'(x •• X2' .\',) ,tnd the displ,lcement {Vn of
the nodal points; that is.

N

{V,(X 1.X2' X ,): = L ([)I'('\·I.x~.xd:Vn
p-l

(53)

where N is the total number of nodal points. The codlicient (1)I'(x I. x~. xd is regarded as
the weighting of nodal point "p" to point (x I ••\' 2. X d in the clement and it is uSlwlly
constructed as polynomials.

Applying the principle of minimum potential energy on an clement of the granular
medium. we have

'n - 0 - f .''1E 'TiS I d '·· f "IV I lIT-' dS() - - U I ,Ii I 'Ji ~ - (~( til ti .
I' .'i

(54)

Substituting eqns (19) and (53) into eqn (54) to express (j {E,J and J {Vi] in terms of nodal
displacements <5{ Un. eqn (54) becomes

(55)

Since the variation J{Vn in eqn (55) is ~Irbitrary. the following equ~ltion must hold:

(56)

Note that p = I....• N. Equation (56) represents a set of N simultaneous equations. N
being the total number of nodal points ofan element. Furthermore. by expressing the stress
tensor {S,/] in terms of nodal displacement and writing the equation in an abbreviated
matrix form. eqn (56) becomes



76 CHI:"G S. CHA:"G and Ll:" M.\

,
I [q~]:(;~; = [Dr;

II =- I

(57)

where p = I V. and eqn (57) represents a set of N simultaneous equations. The sum-
mation convention for subscripts in tensor notation is followed. [C~~l is the element stiffness
matrix. and: Dr l is a vector including nodal force and nodal couples. given by

{Dn =f <I>" { t.} dS.
s

(58)

(59)

The integral given in eqn (58) over the volume of the assembly V can be carried over
each particle. Since each particle is small. the integral over the particle volume can be
approximated by multiplying the integrand value at the centroid of the particle by the
volume associated with the particle. After the clement stitTness matrix is established. bound­
ary value problems can be solved using the usual finite clement procedure.

The solution thus obtained gives a displacement field in accordance with the values of
nodal displacement and the assumed interpolation function. Therefore the solution does
not guarantee equiliorium of eadl partide. However. the solution meets the requirement
of minimum potential energy for eal.:h clement.

4. EXAMPLES 01' TWO-DIMENSIONAL GRANULAR MATERIAL PACKINGS

Deformation oehavior of a disk pal.:king under extt:rnalload is illustrated here to show
applicability of the proposed theory. The stnll.:t ure of the random packing ofcircular disks.
shown in Fig. 2. is obtained oy digitizing a photograph of an assembly of aluminum rods
randomly placed in a box of 7 in. (17.8 I.:m) by 8.1 in. (20.6 cm). The radius of each rod
is 0.25 in. (0.64 cm) with the total numoer of rods oeing 276 and the total number of
contacts 695. The c1astil.: spring I.:onstants at the contacts between disks arc assumed to be
as follows: K~ = 1000 Ib in. I (8.X5 kN 111 I); K~ = 400 Ib in. 1 (3.54 kN m I); and
G: = 100 Ib in. ··1 (O.lN kN m' I).

Fig. ~. Slruclun: of packing used in the example.
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1.33 in

~5PJ

Fig. 3. Bl'undary condition l,f a gr;lOular medium subjected to surface ll'ading.
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The example shown in Fig. J represents a pressure load on a boundary surface. Because
a symmetrical condition is assumed. Fig. J reveals only half of the picture on the right of
the center line. The pressure is 75 Ib in. 1 (0.66 kN m 1) loaded on a length of 1.33 in.
(3.JX Col) on the surface. At the hase. the displacements ~Ire specified to he zero in both
directions. The displaccments on the center line and on thc side line arc specified to be zero
in the horizontal direction. All houndary points arc free to rotate except for the points on
the center line. The boundary conditions arc shown schem~ltically in Fig. 3.

Figure 4 is a finite elcment mcsh to modcl the boundary value problem described in
Fig. J. The tot~11 area is divided into four clements. Each clement is made of 16 nodal points.
Since the geometric arrangement of particles that comprises each clement is known and the
properties of the grain wntact arc given. the clement stilrness matrix ean be computed
based on eqn (5g). as described in the previous section on the microstructural tinite clement
method.

The clement stilrness matrix for each dement is then assembled into a global stiffness
matrix. With the specified boundary condition. a set of simultaneous equations is formulated
and solved for the displacements and rot~ltions for all the nodal points. The solved nodal
displacements and nodal rotations arc used to obtain the movement of each particle using
the interpolation function defined in eqn (53). Based on the movements of all particles.
contact forces and contact couples are determined using eqns (I). (2) and (7). From the
contact forces and contact couples. the stress for each particle point can be calculated using
the definition of stress in cqn (3 I).

~

I

I • • • • l

I

-• • • • ~

•l

1-1 • • • • •
• • • • ~

~
1\ 1\ 1\ 1\---

Fig. 4. Finite dement mesh for the e~amrlc.
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The above-mentioned computation procedure is carried out for the example problem.
The computed displacement and rotation for each particle are plotted in Figs 5 and 6. Since
the 1\1 FE:\t method is a continuum model. it is interesting to compare the results of M FEM
with that obtained from computer simulation methods using entirely discrete models. Thus,
the same example problem is also analyzed using the discrete element method (Chang and
Misra. 1989). based on an earlier work by Serrano and Rodriguez-Ortiz (1973). The discrete
element method (OEM) gives an exact solution because equilibrium is satisfied for each
particle.

From the comparison shown in Figs 5 and 6. close agreement is found in the movement
patterns for both particle displacements and particle rotations. However, a slightly larger
magnitude is depicted for the results of DE~t. For example. the settlement computed from
DE~t is 0.278 in. compared with 0.263 in. from MFEM.

The discrepancy is expected because DEM allows more degree of freedom since it
solvcs a large set of simultaneous equations of the size of3N x 3N. N being the total number
of particles. On the other hand. the M FE\I imposes constraints due to the discretization
and it solves a smaller system ofcquations (3J[ x 3M. M being the numberofnodal points).
This trade-otT permits the M FEM to be a more efficient method for solving problems with
a large numher of particles.

In onkr to evaluate the dTects of particlt: rotation and couple stress on the deformation
behavior. we slllvc the example problem using MFEM method under two different
I:onditions. The 11lldal rotations and the nodal couples arc included in the tirst condition,
whilst they arc neglel:ted in the sel:ond condition.

Dill'erelKes in the I:omputed displacement lields for the two conditions are retlel:ted in
Fig. 7. For the first clse. when: particle rotation is considered, particles near the surface
move towards the I:enter line and particles at depth move away from the center line. For
the sel:ond I:ase, where particle rotation is not considered. the results show that all particles
have negligihle horilOntal movements. [n general, the solution, allowing particle rotation.
tends to give larger magnitudes of particle movements. For example, the settlements at the
cerHl.:r line under the pressure load ;Ire 0.263 and 0.227 in., n:spectively, for the first and
second cases.

Although the vertical stress for particles. compared in Fig. 8, shows very close agree­
ment between the re..:sults for both case..:s, a large discrepancy c;ln be noted from the com­
parison of horizontal stress for particles shown in Fig. 9. Considering particle rotation and
couple stn:ss. the pre..:ssun: load transmitted into the granular region diagonally causeS
compressive horilOl1tal stn:ss. [n the region at some distance unda the pressure load, the
material e,'{periel1l.:es tensilc..: horizontal stress. These phenomena are not found in the results
for the tase where particlt: rotation is not considered.

A large discrepancy is also found in the shear stress for particles from the comparison
shown in Fig. 10. The pressure load caused more shear stress in the granular material due
to the ctrcct of particle rotation and the presence ofcouple stress. The distribution ofcouple
stress computed is plotted in Fig. II. Note that the large couple stresses are observed in the
region adjacent to the pressure loading. This is inconsistent with the presence of a rotation
gradient in this region, as previously shown in Fig. 6.

Based on the comparison of this example, particle rotation and couple stress have
tonsiderable etTects on the overall deformation behavior of the assembly. It can be expected
that SUdl an c..:ffel:t should depend on the boundary value problem and the loading condition.
[n general. the..: couplc..: stress pl;lys a more important role when larger rotation gradients
exist in the material.

5. SUMMARY A:--;D CONCLUStONS

Granular material. perceived as a collection of particles. is modelled as a macro­
continuum taking account of the structural microdiscreteness of the material. In the model
proposed. we treat particle translation and particle rotation as two independent continuum
fields which le;ld accordingly to the definitions of stretch strain and polar strain of the
material. Corresponding to these strains, we derive the relationships among contact forces.
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F,~. x. Comparisol1 of Vc·rti<:;1! slrcss fields wilh and without <:onsideraliol1of particle rot;llion using
Mi<:mslru<:ture Finitc Element Method (MFEM).

contact moments. Caw:hy stress and couple stress. Based on the particle interaction and
grain contact properties. the stress-strain relationship for granular packing is established.
A brief summary of the discrete variables and their analogue is given in Table I.

The new feature of the present model. compared to the previous micropolar theories,
is that the constitutive coetlkients are expressed explicitly in terms of properties of grain
contacts. This feature is particularly useful in the understanding of the constitutive
coellicicnts associated with the couple stress. since these coetftcients are ditftcult to measure
experimentally in the laboratory tests from the gross behavior of a material sample.



Mil:ropolar theory for granular solids 83

•

..

. ....
.... ...... .... .... ..... ..... ..... .. ..

..

•

..

... .. .. ....
.. "'~..

. .... ~~

.... .. ..

....
..

. ... .. ....

~.

. ... ..

.. .

. ......

..

.. .. .. .......... ..

•..
.. .

•

..
•

(a) With effect of particle rotation

~~
~ .. .. .... .... .. .... . .. .. .... .. .. .. .. .. .. .... ..

.. .... .. .... .. .. .. .. .... .. .... .. . .. .... . .
.... ..

(b) Without effect of particle rotation

~ Scale : - 16.00 psi (compression)

Fig. 9. Comparison of horizontal stress fields with and without l:onsideration of partide rotation
using Mil:rostrul:ture Finite Element Method (MFEM).

We have also presented a microstructural finite element procedure for the solution of
boundary value problems. The results obtained from the example of a granular assembly
under boundary pressure load have demonstrated the applicability of the proposed model.

Based on eqn (40). the ability of the couple stress to transmit through contact forces
increases with particle size. Therefore. the couple stress is mostly transmitted through
contact forces for materials made of larger size particles such as coarse sand Clnd gravel.
For materials made of small size particles. the couple stress is primarily transmitted through
contact couples due to the rotational resistance of the contacts of the material such as
cemented sand or silt.
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Fig. 10. Comparison of shear stress lields with and without consideration of particle rotation using
Microstructure: Finite: Element Method (MFEMI.

The effect of the couple stress on the deformation behavior of an assembly depends
largely on the boundary and loading conditions. The couple stress has a significant effect
on materials with large rotation gradients. On the other hand. the couple stress is negligible
for conditions with small rotation gradients such as in the case of laboratory compression
loading tests. For the example presented in this study. the effect of particle rotation and
couple stress is significant on the overall deformation behavior of granular materials.



~ Scale: + 3.30 psi-in (positive polar stress)

Fig. II. Computed polar stress fields using Microstructure Finite Element Method (MFEM),

Tahle 1. Summary of discrete variahies. the continuum analogues••lOd their relationships in gmnular material

Discrete variahles

Movement }U: I

Rd. IlI11VCment }1>: I

Constitutive eqn
:f~: [K:,J:1>~:

Equilihriulll cqn
LL: f~: = ~O:

Contact force} n:
ConlaClllllll1lt:nt }III,)

Translation (a::
Rotation (m::
Rd. disp!. : ,l~}
Rd. rotation} 0: I

Equivalent cllntinuum
variahles

Stress (S,,} Cal/chy stress ("'II
Polar stress {Iii, f

Stram (Ei,1 Stretch strain (1:,,1

Polar strain (Y/Jl

Constitutivc eqn
(S"l ". IA"41){E4I1
Equilibrium cqn
(V",nS,.} ". (O}

Compatibility cqn
[V",HE,.}-IV",j(E,.}'" (O:

Rc1atillnship

(Si,l =2IVL(L~I,Jrlf';}

(E,,} ". (V",HU:l

and fahric operator:

. [1"11",where gra~hcnt operator: IV" I ".
II! 0

[".. /~
[L~,.)", 0

superscripts c : contact c
a : particle a.
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